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A solution that can be used in designing an absorption and extraction 
plant has been found for system of equations (1)describing the pro- 
cesses of countercurmnt separation of binary mixtures for initial and 
boundary conditions (2). 

Such Separa t ion  p r o e e s s e s  as  abso rp t ion ,  e x t r a c -  
t ion,  d i s t i l l a t i on ,  and ion exchange a r e  often c a r r i e d  
out in a p p a r a t u s  whose p a r a m e t e r s  m a y  be  a s s u m e d  
to be  un i fo rmly  d i s t r i b u t e d  along the length.  The m a -  
t e r i a l  ba l ance  of an e l e m e n t  of length is  usua l ly  con-  
s t r u c t e d  fo r  each  component  of the s e p a r a t e d  m i x t u r e  
in each  phase .  Thus,  for  a b i n a r y  m i x t u r e  under  
s t e a d y - s t a t e  hyd rodynamic  condi t ions ,  neg lec t ing  
longi tudina l  m i x i n g  and t r a n s v e r s e  nonuni formi ty ,  we 
obtain 

L O~x + h  a X - - R ( x ;  V ) = 0 ,  
az L at 

V av _ h v a Y  --R(x; V) = 0. (1) 
az ot 

The f i r s t  equat ion of s y s t e m  (1) i s  the m a t e r i a l  b a l -  
ance  of the r e q u i r e d  component  in what  we wi l l  ca l l  
the heavy  phase ,  the second the ba l ance  for  the l ight  
phase .  

I t  is  p o s s i b l e  to d i s t i ngu i sh  s e v e r a l  types  of bound-  
a r y  and in i t i a l  condi t ions  for  s y s t e m  (1). The cond i -  
t ions  typ ica l  of f r ac t i ona t i ng  co lumns  have been  mos t  
c a r e f u l l y  s tudied.  Abso rp t ion  and e x t r a c t i o n  a r e  c h a r -  
a c t e r i z e d  by the fol lowing boundary  condi t ions  at  t -> 0: 

y (0; 0) = Y0, 

x(Z; o) = xo. (2) 

Sys t em (1) i s  u sua l ly  so lved  by r educ ing  it to a 
s ingle  s e c o n d - o r d e r  p a r t i a l  d i f f e r en t i a l  equat ion,  to 
which a Lap l ace  t r a n s f o r m a t i o n  is  then appl ied ,  the 
so lu t ions  be ing  obta ined  in the fo rm of an inf ini te  s e r -  
i e s  [1, 2]. Ano the r  approach ,  sugges ted  by  Bowmen 
and B r i a n t  [3], c o n s i s t s  in going over  f rom z and t to 
new independent  v a r i a b l e s  of the f o r m  ~(z; t) and 71(z; t)  
in the c o u r s e  of r educ ing  s y s t e m  (1) to a s ingle  equa-  
t ion.  A s  T h o m a s  has  shown [4] with r e f e r e n c e  to a 
s p e c i a l  c a s e  (L = 0), i t  i s  then p o s s i b l e  to obtain a 
so lu t ion  in f in i te  f o r m  e x p r e s s e d  in t e r m s  of t abu la ted  
funct ions .  We wi l l  employ  the method  deve loped  in [4] 
to so lve  s y s t e m  (1) fo r  bounda ry  condi t ions  (2). 

We go over  f rom the v a r i a b l e s  z and t to the new 
v a r i a b l e s  ~ and r/, def ined  as  fol lows:  

= - -  hLz + Lt, 

n = hvZ + vt. (3) 

Substitution into (1) gives 

O__x .x  R(x; y) Oy (4) 
0 ~1 Vhz + Lhv == 0--~ " 

Equat ion (4) is  a n e c e s s a r y  and suff ic ient  condi t ion for  
ex i s t ence  of the function F given by the equation 

dF = xd~ - - y d r  I, (5) 

f rom which it fol lows that  

OF OF 
x = - - ;  y = - - - - .  (6) 

at an 

F r o m  (4) and (6) we obtain 

OZF R(x; y) 
0 ~ 0 ~1 VhL H" Lh v " 

(7) 

We m u s t  now d e t e r m i n e  the fo rm of the function 
R(x; y). In a c c o r d a n c e  with the t heo ry  of m a s s  t r a n s f e r  
for  the r eg ion  of low concen t r a t ions  

R = K ( a y - - x ) ,  

where  K is  the vo lume m a s s  t r a n s f e r  coef f ic ien t ,  
m o l e / ( m  3 �9 sec) ;  1 / ~  is  the  d i s t r i bu t ion  coeff ic ient .  I n -  
t roduc ing  the a bb re v i a t i ons  

A =  K ; B =  a K  
Vh L + Lh v Vh z + Lh v ' 

we r e w r i t e  (7) in the form:  

OZF + A OF OF = O. (8) 

In a c c o r d a n c e  with [4] we m a k e  the subs t i tu t ion  

F(~; ~1) =exp[ - - (B~- t -A~l ) ]$ (~ ,  ~1); (9) 

then (8) a s s u m e s  the f o r m  

03r -- A B e .  (10) 
o~on 

F r o m  (6) and (9) we obtain equat ions  for  e x p r e s s i n g  
the concen t r a t i ons  in t e r m s  of @: 

y = e x p [ - - ( B ~ + A ~ l ) ] ( # A - -  O~ ) 
O~l ' 

x = e x p [ - - ( B ~  W A'tt)] (q~B-- O• a~ ) (11) 
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Boundary conditions of the type in (2) go over  into 
the following: 

~(~; O) = (1 + xog)exp(B ~) , 

, (0;  n) = (1 --yon)exp(A~l). (12) 

We apply a Laplace t ransformat ion to Eq. (10) with 
boundary conditions (12): 

wkence 

r 

~2"(~; P ) = P  j' ~(~; n)exp(--P~])dn, 
0 

** (~; p) = exp (B ~) x 

p xoA P xo~P ] • -~ + 
p --  A B (p - -  A) ~ p - -  A 

- -  p 
+exp(AB~/p) [Axo ~ yoB (p -A)~] .  

The inverse  t rans form of the function r is given by 
the following complex integral: 

a4-i~ 

1 S ~p* (~; p) exp (p'q) dp, 
O ' - - i ~  

which may be represented thus: 

l xoA \ 

-~ AB n ~ + ~  ~ (p(A~; B~ . (13) 

F rom (11) and (13), using the proper t ies  of g00?; ~) [4]: 

0r %) =r ~)+~o (2V~), 
on 

a~(n; ~) o-~ - O~ --r ~ ) - -  I~ (2 ] /~ - ) '  

which follow f rom its definition: 

q~ (n; ~) = exp (~) J" exp (--  t) I o (2 V ~ )  dt, 
0 

we obtain the following expressions:  

Ax o 
y = ~ -  + exp [ - - (B~ + An)] {Yo [I,(2VAB~n) + 

B 

+ r B~)] - -  

-- Ax---~~ [lo(21/A~-~)+r S~)]}, (14) 

Byo x = + exp [-- (B ~ + A ~1)] • 
A 

• B ~ ) - - - ~  qD(A~]; B~)]- (15) 

Here,  I0(2(~V) 1/2) is a Besse l  function of zero order  
and purely imaginary argument. The integral  for 
~0(~; ~) can be evaluated for a lmost  all vatues of ~ and 
~, except very small  ones, using the following asymp-  
totic expansion [4]: 

~(n; ~) = 

• exp (n + ~) - -  r io (2 V ~ ) ,  
r + l  

in which r = (77/~) 1/4, and H((~) ~/~ - (~?)1/~) is the e r r o r  
function. 

Equations (14) and (15) also give a solution of the 
nonstationary problem for Eq. (10) and boundary con- 
ditions (12) and consequently for sys tem (1). 

L is the heavy-phase  flow (mole /m 2 �9 see); h L is 
the heavy-phase  holdup (mole/mS); V is the l ight-  
phase flow (mole /m 2 �9 sec); h V is the l ight-phase hold- 
up (mole/m3); R(x; y) is the amount of separated c o m -  
ponent passing f rom heavy into light phase (mole /m ~ �9 
�9 sec); x is the concentration of separated component 
in heavy phase and y in light phase; t is t ime (sec); 
z is the distance along length of apparatus (m); Z is 
the total length of apparatus (m). 
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